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Abstract: An implementation of bit-serial bitonic sorting network (BBSN) is presented in this paper. While all bits

of an input enter sorting network simultaneously, inputs to bit-serial sorting network enter as bit-streams. BBSN

uses 1-bit compare and swap (CAS) unit while normal bitonic sorting networks (NBSN) use multi-bit CAS units.

By using a small and fast CAS unit, BBSN can reduce area, power consumption, and latency of NBSN. The size
of the BBSN is about 81% of NBSN for 8-bit 8 inputs, and it is about 20% for 8-bit 128 inputs. For 16-bit inputs,
it is 17% for 128 inputs. Comparing power consumption of BBSN to NBSN, it consumes 60% of NBSN for 128
of 8-bit inputs, and 40% for 16-bit inputs. The proposed sorting network could be slower than NBSN for small

number (N < 32) of wide-bit (m > 16) inputs, but it becomes faster when number of input increases. BBSN is 16%

faster than NBSN in sorting 128 of 16-bit inputs, and the percentage grows as the number of inputs increases. The

proposed sorting network could be used for many applications which require high-speed sorting operations.

Index terms: Bitonic sorting network, bit-serial bitonic sorting network, sorting network, odd-even sorting network,

bit-serial operation

I. INTRODUCTION

Sorting is a widely used prime function in most data-
centric applications such as big data [1], image processing
[2], database query operations [3], wireless local area net-
work [4], ATM switching [5], etc. For applications that
require high performance, sorting is often performed in
hardware. Because of the speed merit over software ap-
proaches, developing an efficient hardware sorting unit
has been a significant challenge to overcome the compu-
tational bottleneck of sorting problems.

Many hardware sorters called sorting networks have
been developed. In 1968, Batcher presented bitonic sort-
ing network and odd-even sorting network [6] which
have O((log N)?) time complexity and O(N(log N)?)space
complexity. In 1992, Liszka and Batcher presented a
generalized bitonic sorting network which sorts general
bitonic sequences of any size using an odd-merge method
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[7]. AKS sorting network [8] proposed by Ajtai et al.
has O(log N) time complexity, however, the constant hid-
den by the O-notation is very large which makes it un-
suitable for actual implementation because it is much
slower in practice than other parallel sorting network. Al-
though other sorting networks with O(logN) time com-
plexity have been presented [9,10], the bitonic and the
odd-even sorting network remain the most practical so-
lutions [11,12].

Some modified bitonic sorting networks which are effi-
cient in size or power are developed. Recirculating bitonic
sorting network [12,13] is proposed to minimize com-
munication in bitonic sorting network. The recirculating
bitonic sorting network is composed of one column of
comparators and (logN — 1) level switch network. By
combining the comparators and switch network, this ar-
chitecture can realize any connection corresponding to
any step in bitonic sorting network. Bitonic sorting is
performed by recirculating the data into this architecture
k(k+ 1) times. Although this architecture can save hard-
ware size, power consumption and latency of sorting net-
work are increased.

Power and area efficient bitonic sorting network which
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uses unary coding is proposed [14-16]. By the unary cod-
ing, m-bit keys are encoded into 2™-bit streams, and the
streams are processed with pipelining by 1-bit compara-
tor, then the results are decoded into m-bit keys. The unary
coding method can minimize compare and swap units so
that the size and power can be saved very much. However,
it can be used only for low-speed applications, because
it requires encoding and decoding processes, and takes
longer operation time due to performing the operation on
2™-bit long streams. In 2025, Han and Yoshikawa imple-
ment unary coding based bitonic sorting network with sin-
gle flux quantum (SFX) circuit [16] which is a high-speed
and low-power solution for large-scale superconducting
digital systems. Their experiments show that the unary
code method can save area of sorting network very much,
but power saving is limited to 8-bit inputs because of the
longer processing time for 2"-bit long streams. With the
results, the unary coding method is suitable for circuits
with low precision or limited hardware resources.

Although some modified bitonic sorting networks suc-
ceeded in reducing area and/or power consumption of con-
ventional bitonic sorting network, none of them is faster
than normal bitonic sorting network. A design of bit-serial
bitonic sorting network is presented in this paper. Com-
pared to the normal bitonic sorting network, the new bit-
serial bitonic sorting network is efficient not only in size
and power, but also in speed. It is implemented with con-
ventional CMOS technologies so that it can be employed
easily in many applications that require high-speed and/or
low-cost hardware sorting network.

II. BITONIC SORTING NETWORK

Most sorting algorithms are based on compare-and-
swap (CAS) operation which compares the magnitudes
of two inputs and swaps their positions according to the
result. For conventional bitonic sorting networks which
sort N of m-bit binary inputs, the CAS operation is imple-
mented by an m-bit comparator and an m-bit multiplexer.
The structure of CAS unit is presented in Fig. 1(a), and its
symbol which is usually used in drawing sorting network
isin Fig. 1(b). The arrow in the symbol represented the di-
rection of sorting. By using this symbol, 16 input bitonic
sorting network can be depicted as in Fig. 2.

Bitonic merge is the principal operation of the bitonic
sorting algorithm. It is used to make two N/2 data sets
which are sorted in opposite direction into N sorted data.
Bitonic sorting network consists of k stages in sorting of
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Fig. 2. Architecture of 16-input bitonic sorting network.

N (= 2%) unsorted inputs. In the i-th stage, N (= 25) inputs
are partitioned into 2¢~% groups which are made with 2!
adjacent inputs. Each group is composed of two sets of
inputs which are sorted in opposite directions and sorts
them through bitonic merge operation. Unsorted 2* inputs
are sorted by passing through from stage 1 to stage k as in
Fig. 2. The i-th stage consists of i CAS steps so that k(k +
1)/2 CAS steps are required in bitonic sorting network
to sort 2% inputs. The latency of a bitonic sorting network
(tsn) is

tsn =t -k(k+1)/2, (1)

where t; is the average step delay of sorting network which
is almost same as the delay of a CAS unit (7,s). Each step
is composed of N /2 CAS units so that the number of CAS
in a bitonic sorting network is NlogN(logN + 1)/4, so
that the bionic sorting network has O(N(logN)?) hard-
ware complexity. Since k(k+ 1)/2 in Eq. (1) is constant
for a given N, only #, is the parameter affecting the speed
of bitonic sorting network. Therefore, the design of CAS
unit affects greatly the speed, power, and the size of a
bitonic sorting network.

Generally, the CAS unit is implemented with an m-bit
comparator and an m-bit parallel multiplexer for m-bit bi-
nary inputs as in Fig. 1. Unary code based bitonic sort-
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Fig. 3. CAS unit of unary coding based bitonic sorting network.

ing network tried to simplify CAS structure by bit-serial
processing of inputs instead of m-bit parallel processing.
Through the unary coding, CAS can be implemented by
one AND gate and one OR gate as in Fig. 3 which results
in extremely small and fast CAS unit. Although this ap-
proach succeeds in reducing the size of the bitonic sorting
network, it fails in increasing sorting speed because of the
increased bit count by unary coding. For example, to sort
8 inputs of 8-bit binary number, each 8-bit binary input
is converted to 256-bit unary code. Since 8-input bitonic
sorting network is composed of 6 steps, the latency of the
conventional bitonic sorting network is

IsN = 6ts = 6tc2157

but the bit-serial operation of 256-bit unary code requires
(25646 — 1) cycles so that

tSN,unary = 261tcas,unary-

To achieve speed improvement, the fcs unary must be 44
times smaller than #.,; which is an impossible requirement.
In this paper, a bit-serial bitonic sorting network is pro-
posed. Bit-serial bitonic sorting network uses one bit CAS
instead of word-size CAS, and each input is processed as
a bit-stream. Like unary coding based bitonic sorting net-
work, the bit-serial bitonic sorting network uses bit-serial
operation to take advantage of small and fast CAS, but it
does not encode inputs but use binary inputs as they are.
As aresult, the bit-serial bitonic sorting network could op-
erate faster than conventional bitonic sorting network.
For sorting small number of inputs, normal (parallel)
bitonic sorting network is still competitive in speed, but
the proposed design becomes faster as the number of in-
puts increases. With the advance of technologies, the com-
plexity of problems and systems has increased signifi-
cantly, resulting in a substantial growth in data volume.
The need for sorting large number of inputs grows. There-
fore, the new bit-serial bitonic sorting network can meet
such a trend. To distinguish between the normal and bit-
serial sorting network, let us use NBSN for normal bitonic

sorting network and BBSN for the new bit-serial bitonic

sorting network.

III. DESIGN OF BIT-SERIAL BITONIC
SORTING NETWORK

Generally, sorting networks avoid using memories be-
tween CAS units to swap inputs, because use of the mem-
ories requires more area, power and delays. Therefore,
NBSN operates asynchronously without clock. That is,
once sorting begins, all input-bits propagate from the first
step to the end of sorting network without clock or any
other control signals.

Unlike usual sorting networks, bit-serial sorting net-
works should operate synchronously which requires mem-
ory elements between adjacent steps. Although BBSN
uses one-bit comparator and multiplexer, it requires more
complex controls than m-bit CAS of NBSN.

The major difficulty of BBSN is that the paths of
switches are determined at different clock cycles even for
the CAS units in the same step. In operation of NBSN,
all CAS units in the same step determine path of the in-
puts at similar time with the order from the first to the last
step. However, such an order does not exist in BBSN. For
example, consider sorting four 6-bit binary numbers (11,
52,57, 58) in descending order with BBSN. The bit-serial
sorting is performed by 8 cycles such as in Fig. 4. Fig. 4
shows the operation of BBSN cycle by cycles.

The 4-input BBSN is composed of 3 steps, 2 CAS/step
and one memory/input between steps. Let use C;; to indi-
cate the j-th CAS unit in the i-th step. At the beginning, all
memory elements are reset, and all CAS units are unfixed.
A CAS has either fixed or unfixed state. An unfixed CAS
compares two input bits and fixes the paths of inputs if the
inputs are different, otherwise, maintains unfixed state and
passes inputs to the default paths. Between two inputs (I,
I;), and two outputs (O, O;) of a CAS, the default path
is determined by I,. For descending CAS, the default path
of I is Oy if I; is 1, otherwise, it is O,. A fixed CAS just
passes the inputs to the fixed paths and maintains fixed
state until the end of sorting. In Fig. 4, the paths of un-
fixed CAS are represented by dashed lines and those of
fixed CAS are marked by bold lines.

In the first cycle, only one CAS, Cy;, becomes fixed,
and only Cy; does in cycle 2 (The CAS with red lines rep-
resents that it is fixed in this cycle) Likewise, each CAS
becomes fixed at different cycles. Note that Cy; is unfixed
until cycle 4 while Cy, and C,3 are fixed in cycle 2 and
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Fig. 4. The sorting flow of 4 input bit-serial sorting network in sorting 6-bit inputs (a) cycle 1 (b) cycle 2 (c) cycle 3 (d) cycle 4 (e)

cycle 5 (f) cycle 6 (g) cycle 7 (h) cycle 8.

3 respectively. In normal bitonic sorting network, C;; is
fixed before Cy, if j < k. However, such a restriction does
not exist in BBSN so that the fixing-order of C;; is not
predictable. Some CAS are fixed at early cycle, but some
CAS could maintain unfixed state until the end of sorting.

Although the comparator and multiplexer of BBSN is
much smaller and simpler than NBSN, the CAS requires
additional logic to control CAS states. The CAS unit of
BBSN is designed as in Fig. 5. It is composed of one-
bit comparator, one-bit multiplexer and memory elements
(latch and flip-flop) which are used to store the current
state of the CAS. The latch is used to fix the paths of the
input bits, and the state of CAS is determined by the flip-
flop (FF). When the output of the flip-flop is 0, the CAS is
unfixed. At the beginning of sorting operation, the FFs of

L o-Fef — O,
D]
r D-FF
f D>
1,—D-FFH 1> - 0,
+ CAS

Fig. 5. VLSI implementation of compare and swap circuit (de-
scending order) for bit-serial bitonic sorting network.

all CSA are reset so that all CSA are in unfixed state. The
output of the FF controls the door of latch. While CSA is
unfixed, the door is open, but it is closed when the CSA
becomes fixed.
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Fig. 6. Block diagram for the structure of bit-serial bitonic sort-
ing network.

In every cycle, unfixed CSAs determine the path of in-
puts and store the result to the latch through the door to
the latch. If the inputs are different each other, the FF be-
comes | in the middle of the cycle which closes the door
and disables the FF. It results in fixing the multiplexer by
the current paths. Once a CSA is fixed, it cannot change
its states until the next reset signal.

Fig. 6 shows the block diagram of BBSN. By the ex-
ternal Start signal, the Signal Generator produces reset
signal and local clock. For every step, one FF per input is
used to hold an input to CAS as in Fig. 5. It is required
for synchronized operation. The output memories could
be shared with input memories as in Fig. 4.

Although, the comparator and multiplexer of BBSN is
smaller and faster than CAS of NBSN, their effect is re-
duced by the newly inserted components, the FFs and the
additional logic in CAS. To sort N of m-bit inputs, the la-
tency of BBSN (¢ggsy) is given by

tgpsn = tsppsn (N +m—1), 2

where N is the number of steps in N inputs NBSN, and
t, ppsy 1s the average step delay which is the same as
the clock cycle time (#.;x) of BBSN. The ¢, ggsy includes
propagation delay of FF (#zr) and the latency of CAS
(fcas,sasn)- The first bit of input stream exits the BBSN at
the end of N; cycles, but (m — 1) more cycles are required
until the last bit exits the BBSN so that BBSN has time
overhead of (m-1) cycles. Comparing Egs. (1) and (2), the
BBSN is faster than NBSN when the following condition
is satisfied.

fsBBSN N '

tonpsy ~ Ny+m—1

3

According to Eq. (3), the effect of overhead cycles de-
creases as N; increases so that BBSN has speed benefit

when N is large. In sorting 8 of 16-bit inputs, for exam-
ple, Ny = 6 and m = 16 so that the BBSN is faster than
NBSN if

tsBBSN < ts npsn/3-5-

Although it is a tough requirement, it is eased to

ts.BBSN <t npsn /2,

when N = 32, which is in a challengeable range.

NBSN is faster than BBSN in sorting small N with large
m, but BBSN is faster when N becomes large. The cross
point depends on the design of CAS unit of BBSN.

IV. EXPERIMENTS

The efficiency of BBSN is estimated by comparing
characteristics of BBSN and NBSN. For the estimations,
both BBSN and NBSN are designed for various number
of inputs and synthesized by Synopsys Design Complier
with 45-nm CMOS standard cell library. 10 sorting net-
works of different numbers (8, 16, 32, 64 and 128) and size
(8-bit and 16-bit) for each architecture are synthesized for
experiments.

The sizes of the sorting networks are compared in Ta-
ble 1. The size of unit cell (CAS unit) and the total size
of sorting network are measured. In BBSN, the size of
signal generator (SG) is also measured and listed in Ta-
ble 1. The size of I/O block is not included in the size of
sorting network, because I/O streaming method depends
on applications. In general, the sizes of I/O memory are
almost the same for BBSN and NBSN, but BBSN needs
less area for routing from input buffer to the sorting net-
work because BBSN needs only 1 line/input while NBSN
requires m line/input.

Table 1. Comparison of area (m?).

m N
8 16 32 64 128

g | CAS | 598 | 598 | 59.8 59.8 59.8

NB Total | 3,105 | 10,623 | 33,142 | 91,426 | 244,680
16 |_CAS | 120.6 | 120.6 | 120.6 | 120.6 | 1206
Total | 6,907 | 23,114 | 69,960 | 193,247 | 528,982

CAS | 684 | 684 | 684 | 684 68.4

8 SG | 159.0 | 236.6 | 3156 | 4104 | 53438

BB Total | 2,516 | 5,761 | 13,664 | 25965 | 49,254
CAS | 684 | 684 | 684 | 684 68.4

16 SG | 253.8 | 394.6 | 552.6 | 7422 | 9772
Total | 5,286 | 9,896 | 19,875 | 40,545 | 74,083
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Table 2. Comparison of power consumption (mW).

N 8 16 32 64 128

Ns 6 10 15 21 28
m/Ng | 133 0.8 0.53 0.38 0.29
8-bit NB 0.132 | 0.524 1.76 5.78 15.34
BB 0.125 | 0416 1.25 3.49 9.31
m/Ns | 2.67 1.6 1.07 0.76 0.57
16-bit NB 0.256 | 1.008 4.09 14.01 | 4034
BB 0249 | 0812 | 250 6.99 18.63

The total size of 8-bit BB(SN) is about 81% of NB(SN)
when N is &, but it is 20% when N is 128. For the 16-
bit, the size of BB is about 77% of NB when N is 8, and
14% when N is 128. Although the CAS of BB as in Fig.
5 uses one bit comparator and one bit multiplexer, its size
is bigger than CAS of 8-bit NB, due to the additional FFs
and state-control logic. The area efficiency of BB mostly
comes from saving in routing areas. As N increases, inter-
connection lines between steps become longer and more
lines overlap one another, so that more areas are required
for routing. The ratio of routing area to CAS area increases
rapidly with N. The routing area of BB may converge
to 1/m of NB for large N. Although, CAS size of BB is
smaller than NB when m > 8, its effect is not critical in
area efficiency.

To measure power consumption, the networks are acti-
vated by Start signal which is generated at 50 MHz rate.
Sorting networks are activated by the Start signal, sort the
given inputs, and deactivated when sorting is finished. The
power consumption of two sorting networks is compared
in Table 2. The m/N; ratio represents overheads of BB in
critical path over NB, which means that BB should operate
m/Ny times more steps than NB. In general, BB consumes
less power than NB, but the difference is small when N is
small. The power consumption of BB and NB differs only
5.5% for 8-bit § inputs, and 2.8% for 16-bit 8 inputs. The
reason is that m/N; ratio is big when N is small. As N in-
creases, the power efficiency of BBSN grows also. When
N is 128, BB consumes 40% less power than NB for 8-bit
inputs and 54% for 16-bit inputs.

The experimental results for latency of sorting networks
are shown in Fig. 7. Generally, BBSN is faster than NBSN.
According to the graph, however, BBSN could be slower
than NBSN for small N, especially for large m. It is be-
cause of the effect of overhead cycles also. The m/N; ra-
tio is high when NBSN is faster than BBSN. Comparing
Fig. 7 and Table 2, we can expect that BBSN is faster than
NBSN when m/Nj ratio is less than 1.4. We can predict

T (ns)

10| —e—8-bitBESN

~&—8-bit NBSN

=]

[~ ==#=16-bit BBSN

>
: s

~#-16-bit NBSN

| | | | |
0 8 16 32 64 128

Fig. 7. Execution time for sorting.

that the critical value of m/N; may be between 1.33 and
1.6 for the proposed design. The m/Nj ratio could be used
as a parameter that determines which is faster for the given
inputs. The critical value depends on the relative speed of
steps so that depends on CAS design. In any case, how-
ever, BBSN is faster than NBSN for large N.

By the results of experiments, it is proved that BBSN is
more efficient than NBSN in size, power and speed. So far,
many modified architectures are proposed for more effi-
cient bitonic sorting network than NBSN. Although those
architectures are efficient in size and/or power consump-
tion, no architecture is more efficient than NBSN in speed.
BBSN achieves speed efficiency over NBSN in addition
to size and power efficiency. Generally, the efficiencies in-
crease as the size and the number of inputs increase. How-
ever, NBSN could be still faster than BBSN for small N
(£ 32) with large m (> 16) inputs although BBSN is still
efficient in size and power consumption.

The complexity of problems and systems keeps increas-
ing rapidly and involves larger scale data. The need for
high-speed and low-cost sorting networks grows also. The
proposed bit-serial bitonic sorting network could be a so-
lution.

V. CONCLUSIONS

An implementation of bit-serial bitonic sorting network
is presented in this paper. Through bit-serial operation,
it is possible to use a smaller and faster CAS unit than
conventional bitonic sorting network. As the results, the
proposed sorting network can reduce 84% in area and
60% in power consumption of conventional bitonic sort-
ing network. Furthermore, it is 16% faster than conven-
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tional bitonic sorting network in sorting 128 inputs.

Although many modified bitonic sorting networks have
been developed, no one is more efficient in speed than the
conventional bitonic sorting network. The proposed archi-
tecture is efficient not only in size and power, but also in
speed. The proposed bitonic sorting network can be used
for any application which requires hardware aided high-
speed sorting operations.
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